Let T T n be a transitive tournament on n vertices. It is known [3] that for any acyclic oriented graph − → G of order n and size not greater than 3 4 (n − 1) two graphs isomorphic to − → G are arc-disjoint subgraphs of T T n . In this paper we consider the problem of embedding of acyclic oriented graphs into their complements in transitive tournaments. We show that any acyclic oriented graph − → G of size at most 2 3 (n − 1) is embeddable into all its complements in T T n . Moreover, this bound is generally best possible.
Introduction
In this paper we shall deal with oriented graphs. We use standard graph theory notation. An oriented graph − → G is an orientation of a simple graph G. Write V ( − → G ) for the vertex set and A( − → G ) for the arc set of − → G . For any vertex v in V ( − → G ) let us denote by d + (v) the outer degree of v. By d − (v) we denote the inner degree of v. The degree of a vertex v, denoted by d(v), is defined by d(v) = d + (v)+d − (v). A tournament is an orientation of a complete graph, and a transitive tournament T T n of order n is an acyclic tournament on n vertices. According to Harary and Moser [6] , we can denote the vertices in T T n by consecutive integers so that if i < j, then ij is an arc of T T n . Observe that each acyclic oriented graph − → G of order n is isomorphic to some subgraph of T T n . Thus we can denote the vertices in − → G by consecutive integers so that if xy ∈ A( − → G ) then x < y. An oriented graph − → G is said to be connected if its underlying graph G is connected. A packing of a graph (digraph) G of order n into a graph (digraph) H of order n is a pair of edge-disjoint subgraphs of H, {H 1 , H 2 } such that H 1 ∼ = G,
Let G be a simple graph of order n. An embedding of G into its complement in a complete graph K n is a permutation σ : V (G) → V (G) such that if an edge xy belongs to E(G) then σ(x)σ(y) does not belong to E(G). Obviously, the concepts of packing a simple graph of order n into a complete graph K n and embedding it into its complement are equivalent. This problem has been widely studied and a basic result [2] is the following:
An example of the star shows that Theorem 1 cannot be improved by raising the size of G. The topic of packing or embedding of digraphs is much less explored. Replacing a complete graph K n by a complete digraph − → K n or a transitive tournament T T n one can consider packing or embedding of digraphs of order n. Observe that packing of any digraph of order n into − → K n is also equivalent to embedding of such a graph into its complement in − → K n . In [4] the authors proved that every digraph of order n and size at most ( 7 4 n − 81) is embeddable into its complement. This result is far from the expectation formulated in [1] . Packing or embedding in the case of transitive tournaments presents even more difficulties. Packing an acyclic oriented graph of order n in a transitive tournament T T n is somewhat different from embedding such a graph. The inner and outer degrees of distinct vertices in T T n are different. Thus T T n may contain isomorphic subgraphs with non-isomorphic complements. Sali and Simonyi [7] (see also a short proof by Gyárfás [5] ) showed the existence of the decomposition of T T n into two isomorphic graphs. There are also some results concerning packing in T T n (see [3] , [8] , [9] ). In this study we discuss the problem of embedding an acyclic oriented graph into all its complements in T T n . Let − → H be a subgraph of T T n on n vertices. An embedding of − → H into its complement in a transitive tournament T T n is a permutation σ : V (T T n ) → V (T T n ) such that if an arc xy belongs to A( − → H ) then σ(x)σ(y) ∈ A(T T n ) and it does not belong to A( − → H ). We say that an acyclic oriented graph − → G of order n is embeddable into all its complements in T T n if for each subgraph − → H of T T n isomorphic to − → G there exists an embedding of − → H into its complement in T T n . So, − → G is embeddable into all its complements in T T n if a complement of any subgraph of T T n isomorphic to − → G contains a subgraph isomorphic to − → G .
Notice that there exists an acyclic oriented graph which is packable into a transitive tournament but it is not embeddable into all its complements in it, ex. a path of length six, which is packable into T T 9 but it is not embeddable into all its complements in T T 9 (see fig.1 ). In [3] we showed that any acyclic oriented graph − → G of order n and of size at most 3 4 (n − 1) is packable in T T n . In this paper we prove a sufficient condition on the size for an acyclic oriented graph to be embeddable into all its complements in T T n . In the next section we shall need the following result:
The Turán graph denoted by T r−1 (n) is a complete (r − 1)-partite graph on n ≥ r − 1 vertices whose partition sets differ in size by at most one. We denote the size of T r−1 (n) by t r−1 (n). Turán graphs have the largest number of edges without containing a K r .
The main result
Our main theorem is the following:
First we show that the above theorem is tight. Let − → G be a graph of order n containing vertices of degree zero and exactly one non-trivial connected component being an oriented path of length ⌊ 2 3 (n − 1)⌋ + 1. Let us consider the T T n with vertex set {1, ..., n} and the subgraph − → H isomorphic to − → G such that it contains all of arcs i(i + 1) for i ∈ {1, ..., ⌊ 2 3 (n − 1)⌋ + 1}. One may check easily that a complement of − → H contains an oriented path of length at most ⌊ 2 3 (n − 1)⌋ − 1 (see fig.1 ).
PROOF (of Theorem 3).The proof is by induction on n. One may check easily that for n ≤ 4 the above theorem holds. Hence let us suppose that n ≥ 5 and let − → G be a counterexample to Theorem 3 with minimum order n. We prove two auxiliary lemmas and then we present the main part of the proof. We call a component trivial if it is an isolated vertex.
Lemma 4
− → G contains at least ⌈ 1 3 n + 2 3 ⌉ components that are oriented trees. Moreover, there exists an isolated vertex or an isolated arc in − → G .
PROOF (of Lemma 4) . Assume that p is an integer such that − → G contains p components that are oriented trees − → T 1 , ... − → T p of order t 1 , ..., t p , respectively (in particular, the isolated vertices are considered as trivial trees). Then n = t 1 + ... + t p + k for some k ≥ 0. So, the following inequality holds:
It implies that:
and, finally
Suppose now that each oriented tree has at least two arcs. Then
which is a contradiction. Thus, in − → G there exists an isolated vertex or an isolated arc. Observe that one of these permutations is an embedding of − → H into its complement, a contradiction. Thus let us assume that − → G contains exactly one isolated arc xy. A computation analogous to the one above shows that for n ≥ 5 there is an isolated vertex u in − → G . The graph − → G ′′ := − → G − {x} is embeddable into all its complements in T T n−1 . Let − → H be any subgraph of T T n with vertex set {1, ..., n} isomorphic to − → G . So, there is an isolated arc ij and a vertex l of degree zero in − → H for some i, j, l ∈ {1, ..., n}. The graph − →
Define: Notice that in − → H ′ there are at least two vertices k and l of degree zero. Suppose first that j < k and j < l. Let x := min{i, σ ′ (k), σ ′ (l)} and let σ(j) = x, σ(i) = j and σ(k), σ(l) be the two remaining vertices different than x from the set {i, σ ′ (k), σ ′ (l)}. Then σ is an embedding of − → H . One may check that for each of the remaining two cases j < k, j < l and j > k, j < l we can also define an embedding of − → H , a contradiction.
PROOF (of the main part). By Lemma 4 and Lemma 5, − → G contains p ≥ ⌈ 1 3 n + 2 3 ⌉ components that are oriented trees and each component being a non-trivial oriented tree in − → G has order at least four. Let m denote the number of vertices of degree zero in − → G . The following inequality holds:
Hence,
Obviously, for p − m ≥ 3 it gives a contradiction. Because p − m is a positive integer, suppose that p − m ≤ 2. We get that:
Recall that m ≤ k−1 2 so k ≥ 2 3 n − 5 3 . Previously it was shown that any component of − → G has at least three arcs. Therefore, it implies that the only non-trivial component of − → G is − → T . Then, in case p − m = 2, − → G has more edges than the threshold 2 3 (n − 1). Finally, let us suppose that
At this moment we can assume that none of the non-trivial components in − → G is an oriented tree.
Step 2. Partition the set of the non-trivial components of − → G into two subgraphs, having sizes q 1 and q 2 , respctively. Let and m 2 and we can "borrow" one additional vertex necessary to existence of embedding of − → E ′ into its complement from the vertex set of − → E ′′ ). Thus, in − → G there are at most one non-trivial component.
Step 3. Let − → I be a non-trivial component of − → G of size q = ⌊ 2 3 (n − 1)⌋ and of order s ≤ q. If s ≤ ⌊ n 2 ⌋ + 1, then − → G is obviously embeddable into all its complements in T T n so assume that s ≥ ⌊ n 2 ⌋ + 2. We show that the maximal set of independent vertices in − → G has size at least s. Let us consider now an underlying graph G with a connected subgraph I. Suppose that the maximal set of independent vertices in G is of cardinality less than s. LetḠ be a complement of G. SoḠ does not contain any subgraph isomorphic to a complete graph K s . By Turán Theorem the size ofḠ is less than the size of the Turán graph T s−1 (n). Note that because s − 1 ≥ ⌊ n 2 ⌋ + 1, the Turán graph T s−1 (n) is a complete (s − 1)-partite graph with (n − s + 1) of the partition sets of cardinality two and the remaining (2s − n − 2) of the partition sets of cardinality one. Let us compute the number of edges in T s−1 (n): t s−1 (n) = 2(n − s + 1)(n − 2) + (2s − n − 2)(n − 1) 2 = n 2 − 3n + 2s − 2 2 .
Because in G there is a connected subgraph of order s, then
On the other hand |E(Ḡ)| ≥ n(n − 1) 2 − 2 3 (n − 1) = 3n 2 − 7n + 4 6 .
Comparing these two inequalities we obtain that: s ≥ 2 3 (n − 1) + 2, a contradiction. Hence, − → G is an empty graph and the proof of Theorem 3 is complete.
